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1. Introduction
Let Z and N be the sets of integers and nonnegative integers, respectively. A numerical semigroup
is a subset S of N that is closed under addition, 0 ∈ S and N\S has ﬁnitely many elements.
Given a nonempty subset A of N we will denote by 〈A〉 the submonoid of (N,+) generated by A,
that is,
〈A〉 = {λ1a1 + · · · + λnan ∣∣ n ∈ N, ai ∈ A, λi ∈ N for all i ∈ {1, . . . ,n}}.
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Every numerical semigroup S is ﬁnitely generated, and therefore there exists a ﬁnite subset X of S
such that S = 〈X〉. Furthermore, we say that X is a minimal system of generators of S if in addition
no proper subset of X generates S . Every numerical semigroup has a unique minimal system of gen-
erators. We refer to the cardinality of its minimal system of generators as the embedding dimension
of S .
Given a subset X of N we denote H(X) = N \ X . The cardinality of the set H(X) is denoted by
g(X) and if H(X) is ﬁnite the greatest positive integer that does not belong to X is denoted by
F(X).
The Frobenius problem consists in ﬁnding a formula, in terms of the elements in a minimal system
of generators of S , for computing F(S) and g(S) (for a complete overview see [4]). These elements are
usually known as the Frobenius number and the genus of S , respectively. This problem was solved
by Sylvester in [9] for numerical semigroups with embedding dimension two. Sylvester demonstrated
that if {n1,n2} is a minimal system of generators of S , then F(S) = n1n2 − n1 − n2 and g(S) = 12 (n1 −
1)(n2−1). The Frobenius problem remains open for numerical semigroups with embedding dimension
greater than or equal to three.
The aim of this paper is to introduce a new technique to solve the Frobenius problem. Along this
work n1 and n2 denote positive integers greater than or equal to three fulﬁlling that gcd{n1,n2} = 1.
Notice that in every numerical semigroup there are always two positive integers with these properties.
We denote B(n1,n2) = {(a,b) ∈ {1, . . . ,n2 −1}× {1, . . . ,n1 −1} | n1n2 −an1 −bn2  0}. We will see
that the map θ : B(n1,n2) → H(〈n1,n2〉), deﬁned by θ(a,b) = n1n2 −an1 −bn2, is bijective. This result
motivates the following deﬁnition. If h ∈ H(〈n1,n2〉) and θ(a,b) = h, then we say that (a,b) are the
coordinates of h (with respect to 〈n1,n2〉), denoted by h ∼ (a,b).
Our principal aim, in Sections 2 and 3, is to prove Theorem 15 which states that, if {(a1,a2) . . . ,
(ap,bp)} is a subset of incomparable elements of B(n1,n2) verifying certain conditions, then S =
{0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉 is a numerical semigroup containing 〈n1,n2〉 and furthermore
every numerical semigroup containing 〈n1,n2〉 is of this form.
Let A = {(a1,a2) . . . , (ap,bp)} be a subset of incomparable elements of B(n1,n2) and let X =
{0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉. In Section 4 we give formulas for F(X) and g(X) in terms of
the set A.
Finally, in Section 5, from the previous results we obtain a method for computing the genus and
the Frobenius number of a numerical semigroup with embedding dimension three in terms of its
minimal system of generators.
2. The numerical semigroups containing 〈n1,n2〉
Recall that n1 and n2 are positive integers greater than or equal to three and gcd{n1,n2} = 1. Under
these conditions 〈n1,n2〉 is a numerical semigroup with embedding dimension two. Our aim in this
section is to prove Corollary 6 that characterizes the numerical semigroups containing 〈n1,n2〉.
Let S be a numerical semigroup and m ∈ S . We deﬁne the Apéry set (named so after [1]) of m in
S as Ap(S,m) = {s ∈ S | s−m /∈ S}. It is easy to prove that Ap(S,m) = {0 = w(0),w(1), . . . ,w(m−1)},
where w(i) is the smallest element of S that is congruent with i modulo m.
Proposition 1. Let S be a numerical semigroup containing 〈n1,n2〉. Then, S = (Ap(S,n1) ∩ Ap(S,n2)) +
〈n1,n2〉.
Proof. It is clear that (Ap(S,n1) ∩ Ap(S,n2)) + 〈n1,n2〉 ⊆ S . Let us prove the other inclusion. If s ∈ S ,
then we deﬁne recursively the following sequence:
• s1 = s,
• sn+1 =
{
sn − n1, if sn − n1 ∈ S,
sn − n2 if sn − n1 /∈ S and sn − n2 ∈ S,
sn otherwise.
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sk ∈ Ap(S,n1) ∩ Ap(S,n2) and s ∈ sk + 〈n1,n2〉. 
Let (A,) be an ordered set and B ⊆ A. The set B is a set of incomparable elements, if b,b′ ∈ B
and b  b′ , then b = b′ .
Deﬁnition 2. We deﬁne an order relation, H , in H(〈n1,n2〉) as follows: hH h′ if h′ − h ∈ 〈n1,n2〉.
The next lemma is straightforward to prove.
Lemma 3. Let S be a numerical semigroup containing 〈n1,n2〉. Then
(1) 0 ∈ (Ap(S,n1) ∩ Ap(S,n2));
(2) (Ap(S,n1) ∩ Ap(S,n2))\{0} is the set of minimal elements of H(〈n1,n2〉) ∩ S (with respect to H );
(3) (Ap(S,n1) ∩ Ap(S,n2))\{0} is a subset of incomparable elements of (H(〈n1,n2〉),H ).
Given two integers m and n with n = 0, we denote by m mod n the remainder of the division of
m by n. One of the central problems concerning semigroup theory is the membership problem, that
is, given a numerical semigroup S and a positive integer x, determine whether or not x belongs to S .
Our representation of S as (Ap(S,n1)∩Ap(S,n2))+〈n1,n2〉 is good, to give an answer to the previous
problem; in fact, by the result contained in [8, Lemma 4].
Lemma 4. Let n1 , n2 , u and v be positive integers such that un2 − vn1 = 1.
Then
〈n1,n2〉 = {x ∈ N | un2xmod n1n2  x}.
Hence, if (Ap(S,n1) ∩ Ap(S,n2)) = {h0 = 0,h1, . . . ,hp}, then we obtain that a positive integer x
belongs to S if and only if un2(x− hi) mod n1n2  x− hi for some i ∈ {0,1, . . . , p}. Thus, our purpose
in this section is to characterize the subset X of H(〈n1,n2〉) with the property X ∪ {0} = Ap(S,n1) ∩
Ap(S,n2) for some numerical semigroup S containing 〈n1,n2〉. Note that X + 〈n1,n2〉 = ⋃x∈X (x +〈n1,n2〉).
Proposition 5. Let {h1, . . . ,hp} be a subset of incomparable elements of (H(〈n1,n2〉),H ). Then, there exists
a numerical semigroup S containing 〈n1,n2〉 and Ap(S,n1) ∩ Ap(S,n2) = {h0 = 0,h1, . . . ,hp} if and only if
for all i, j ∈ {1, . . . , p} there exists k ∈ {0,1, . . . , p} such that hi + h j − hk ∈ 〈n1,n2〉.
Proof. Necessity. As S = {h0 = 0,h1, . . . ,hp} + 〈n1,n2〉 is a numerical semigroup and hi,h j ∈ S , we
deduce that there exists k ∈ {0,1, . . . , p} such that hi + h j ∈ hk + 〈n1,n2〉 and therefore hi + h j − hk ∈
〈n1,n2〉.
Suﬃciency. It is easy to prove that S = {h0 = 0,h1, . . . ,hp} + 〈n1,n2〉 is a numerical semigroup. By
condition (2) of Lemma 3, we have that Ap(S,n1) ∩ Ap(S,n2) = {h0 = 0,h1, . . . ,hp}. 
As an immediate consequence of Proposition 5 we have the following result.
Corollary 6. S is a numerical semigroup containing 〈n1,n2〉 if and only if S = {h0 = 0,h1, . . . ,hp} + 〈n1,n2〉
where {h1, . . . ,hp} is a subset of incomparable elements of (H(〈n1,n2〉),H ) such that for all i, j ∈ {1, . . . , p}
there exists k ∈ {0,1, . . . , p} such that hi + h j − hk ∈ 〈n1,n2〉.
Observe that the conditions of Corollary 6 can be easily checked. In fact, let us consider {h1, . . . ,hp}
a subset of H(〈n1,n2〉). Then {h1, . . . ,hp} is a set of incomparable elements if and only if un2(hi −
h j) mod n1n2 > hi − h j for all i, j ∈ {1, . . . , p} and i = j. Moreover, hi + h j − hk ∈ 〈n1,n2〉 if and only
if un2(hi + h j − hk) mod n1n2  hi + h j − hk .
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Our ﬁrst aim in this section is to prove Proposition 10 that allows to associate each element of
H(〈n1,n2〉) a pair of positive integers, called the coordinates of these elements.
The following result is [6, Lemma 1].
Lemma 7. Let x be an integer. Then x /∈ 〈n1,n2〉 if and only if x = n1n2 − an1 − bn2 for some a,b ∈ N\{0}.
As a direct consequence of the preceding lemma we can state the next result.
Lemma 8.With the above notation, we have that H(〈n1,n2〉) = {n1n2 − an1 − bn2 | a ∈ {1, . . . ,n2 − 1}, b ∈
{1, . . . ,n1 − 1} and n1n2 − an1 − bn2  0}.
The following result is [6, Lemma 3].
Lemma 9. Let a and b be integers such that a < n2 and b < n1 . Then an1 + bn2 ∈ 〈n1,n2〉 if and only if
a,b ∈ N.
Over N × N we can deﬁne the product order, that is, (a,b)  (a′,b′) if (a′ − a,b′ − b) ∈ N × N.
Recall that, we denote B(n1,n2) = {(a,b) ∈ {1, . . . ,n2 − 1}× {1, . . . ,n1 − 1} | n1n2 −an1 − bn2  0} and
we consider the set B(n1,n2) ordered by the product order.
Proposition 10. The correspondence θ : B(n1,n2) → H(〈n1,n2〉), deﬁned by θ(a,b) = n1n2 − an1 − bn2 , is
a bijective map. Moreover (a,b) (a′,b′) if and only if θ(a′,b′)H θ(a,b).
Proof. By Lemma 8, we have that the map θ is well deﬁned and is surjective. Let us prove that θ is
injective. If θ(a,b) = θ(a′,b′), then n1n2 −an1 −bn2 = n1n2 −a′n1 −b′n2 and so (a′ −a)n1 = (b−b′)n2.
As gcd{n1,n2} = 1, we have that lcm{n1,n2} = n1n2. Applying that a,a′ ∈ {1, . . . ,n2 − 1} and b,b′ ∈
{1, . . . ,n1 − 1}, we get that a′ − a = b − b′ = 0 and consequently (a,b) = (a′,b′).
Now, θ(a′,b′)H θ(a,b) if and only if n1n2 − an1 − bn2 − (n1n2 − a′n1 − b′n2) = (a′ − a)n1 + (b′ −
b)n2 ∈ 〈n1,n2〉. From Lemma 9, we can assert that θ(a′,b′)H θ(a,b) if and only if (a,b) (a′,b′). 
The previous proposition allows to give the following deﬁnition.
Deﬁnition 11. Let h ∈ H(〈n1,n2〉) be such that θ(a,b) = h for a and b integers. Then we say that (a,b)
are the coordinates of h, denoted by h ∼ (a,b).
As a consequence of Proposition 10, we have the following.
Corollary 12. The set {(a1,a2) . . . , (ap,bp)} is a subset of incomparable elements of (B(n1,n2),) if and only
if {θ(a1,b1), . . . , θ(ap,bp)} is a subset of incomparable elements of (H(〈n1,n2〉),H ).
Our next goal in this section is to prove Theorem 15. To this end we need to introduce some
concepts and results.
Given two positive integers x and y we denote by  xy  the integer max{z ∈ Z | z  xy }. Observe
that x =  xy y + x mod y. Given x, y, z ∈ Z we write x ≡ y mod z if x− y is a multiple of z.
Lemma 13. Let h,h′ ∈ H(〈n1,n2〉) be such that h ∼ (a,b) and h′ ∼ (a′,b′). Then h + h′ ∈ H(〈n1,n2〉) if and
only if a + a′ ≡ 0 mod n2 , b + b′ ≡ 0 mod n1 and  a+a′n2  +  b+b
′
n1
 = 1. Moreover, in this case h + h′ ∼
((a + a′) mod n2, (b + b′) mod n1).
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a + a′ = n2. Therefore h + h′ = n1n2 − an1 − bn2 + n2n1 − a′n1 − b′n2 = n1n2 − (b + b′)n2 = (n1 − b −
b′)n2 ∈ 〈n1,n2〉, which contradicts the fact that h+h′ ∈ H(〈n1,n2〉). In a similar way it is easy to prove
that b + b′ ≡ 0 mod n1.
As h + h′ ∈ H(〈n1,n2〉), by Lemma 8 there exist a′′ ∈ {1, . . . ,n2 − 1} and b′′ ∈ {1, . . . ,n1 − 1} such
that h+h′ = n1n2 −a′′n1 −b′′n2. Hence n1n2 −an1 −bn2 +n2n1 −a′n1 −b′n2 = n1n2 −a′′n1 −b′′n2 and
thus n1n2 = (a+a′ −a′′)n1 + (b+b′ −b′′)n2. From the previous equality, we obtain that (a+a′ −a′′) ≡
0 mod n2 and (b + b′ − b′′) ≡ 0 mod n1. Since a′′ ∈ {1, . . . ,n2 − 1} and b′′ ∈ {1, . . . ,n1 − 1}, we get
that (a + a′) mod n2 = a′′ and (b + b′) mod n1 = b′′ . As n1n2 = (a + a′ − a′′)n1 + (b + b′ − b′′)n2, we
conclude that 1 = a+a′−a′′n2 + b+b
′−b′′
n1
=  a+a′n2  +  b+b
′
n1
. The previous reasoning allows to deduce that
h + h′ ∼ ((a + a′) mod n2, (b + b′) mod n1).
Suﬃciency. If 1 =  a+a′n2 + b+b
′
n1
, then 1 = a+a′−(a+a′) mod n2n2 +
b+b′−(b+b′) mod n1
n1
and consequently
n1n2 − ((a + a′) mod n2)n1 − ((b + b′) mod n1)n2 = 2n1n2 − (a + a′)n1 − (b + b′)n2 = h + h′ . Since
(a+ a′) mod n2 ∈ {1, . . . ,n2 − 1} and (b+ b′) mod n1 ∈ {1, . . . ,n1 − 1}, in view of Lemma 8 we obtain
that h + h′ ∈ H(〈n1,n2〉). 
The following remark is a reformulation of Lemma 13.
Remark 14. Let h + h′ ∈ H(〈n1,n2〉) be such that h ∼ (a,b) and h′ ∼ (a′,b′). Then h + h′ ∈ H(〈n1,n2〉)
if and only if one of the following conditions holds:
(1) a + a′ > n2 and b + b′ < n1 (in this case, h + h′ ∼ (a + a′ − n2,b + b′));
(2) a + a′ < n2 and b + b′ > n1 (in this case, h + h′ ∼ (a + a′,b + b′ − n1)).
We are now ready to prove the main result in this section.
Theorem 15. Let {(a1,a2) . . . , (ap,bp)} be a subset of incomparable elements of (B(n1,n2),) verifying the
following condition: if i, j ∈ {1, . . . , p}, ai + a j ≡ 0 mod n2 , bi + b j ≡ 0 mod n1 and  ai+a jn2  + 
bi+b j
n1
 = 1,
then there exists k ∈ {1, . . . , p} such that ((ai + a j) mod n2, (bi + b j) mod n1)  (ak,bk). Then S =
{0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉 is a numerical semigroup containing 〈n1,n2〉. Moreover, every nu-
merical semigroup containing 〈n1,n2〉 is of this form.
Proof. By Proposition 10, we know that {θ(a1,a2) . . . , θ(ap,bp)} is a subset of incomparable elements
of (H(〈n1,n2〉),H ). Let h0 = 0, h1 = θ(a1,b1), . . . , hp = θ(ap,bp). We use Corollary 6 to prove
that S is a numerical semigroup containing 〈n1,n2〉. Let i, j ∈ {1, . . . , p}. If hi + h j ∈ 〈n1,n2〉, then
hi + h j − h0 ∈ 〈n1,n2〉. If hi + h j /∈ 〈n1,n2〉, then from Lemma 13 we deduce that hi + h j ∼ ((ai +
a j) mod n2, (bi + b j) mod n1) and so there exists k ∈ {1, . . . , p} such that ((ai + a j) mod n2, (bi +
b j) mod n1)  (ak,bk). By applying now Proposition 10, we obtain that hk H hi + h j and therefore
hi +h j −hk ∈ 〈n1,n2〉. In view of Corollary 6, we can state that S is a numerical semigroup containing
〈n1,n2〉.
Now let us prove that every numerical S containing 〈n1,n2〉 is of this form. By Corollary 6, we
know that S = {h0 = 0,h1, . . . ,ht} + 〈n1,n2〉 where {h1, . . . ,ht} is a subset of incomparable elements
of (H(〈n1,n2〉),H ) verifying that for all i, j ∈ {1, . . . , t} there exists k ∈ {0,1, . . . , t} such that hi +
h j − hk ∈ 〈n1,n2〉. Suppose that h1 ∼ (a1,b1), . . . ,ht ∼ (at ,bt). Then S = {0, θ(a1,b1), . . . , θ(at ,bt)} +
〈n1,n2〉, and by applying Proposition 10, we deduce that {(a1,b1), . . . , (at ,bt)} is a subset of incom-
parable elements of (B(n1,n2),). Let i, j ∈ {1, . . . , t} be such that ai + a j ≡ 0 mod n2, bi + b j ≡
0 mod n1 and  ai+a jn2  + 
bi+b j
n1
 = 1. By Lemma 13, we know that θ(ai,bi) + θ(a j,b j) ∈ H(〈n1,n2〉)
and that θ(ai,bi) + θ(a j,b j) ∼ ((ai + a j) mod n2, (bi + b j) mod n1). Hence there exists k ∈ {1, . . . , t}
such that θ(ai,bi) + θ(a j,b j) − θ(ak,bk) ∈ 〈n1,n2〉 and consequently θ(ak,bk)H θ(ai,bi) + θ(a j,b j).
By using Proposition 10, we deduce that ((ai + a j) mod n2, (bi + b j) mod n1) (ak,bk). 
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Theorem 15 gives us a characterization for numerical semigroups containing 〈n1,n2〉. We see in
this section that from this characterization it is easy to give formulas for the genus and the Frobenius
number of a numerical semigroup.
Lemma 16. If h ∈ H(〈n1,n2〉) and h ∼ (a,b), then the set of coordinates of the elements of H(〈n1,n2〉)∩ (h+
〈n1,n2〉) is equal to {1, . . . ,a} × {1, . . . ,b}.
Proof. Let h′ ∈ H(〈n1,n2〉) ∩ (h + 〈n1,n2〉). Since h′ ∈ h + 〈n1,n2〉 and h ∼ (a,b), then there exist
λ,μ ∈ N such that h′ = n1n2 − an1 − bn2 + λn1 +μn2 = n1n2 − (a− λ)n1 − (b − μ)n2. As h′ /∈ 〈n1,n2〉,
then a−λ > 0 or b−μ > 0. If a−λ > 0 and b−μ > 0, then h′ ∼ (a−λ,b−μ) ∈ {1, . . . ,a}×{1, . . . ,b}.
If a−λ > 0 and b−μ 0, then h′ = n1n2 − (a−λ)n1 − (b−μ)n2 = (n2 − (a−λ))n1 + (μ−b)n2, with
n2 − (a − λ) 0 and μ − b  0. Hence h′ ∈ 〈n1,n2〉, which is a contradiction. A similar contradiction
occurs if a − λ 0 and b − μ > 0. 
It is easy to prove the following result.
Lemma 17. If {(a1,b1) . . . , (ap,bp)} is a subset of incomparable elements of (N×N,), then bi = b j if i = j.
Moreover, if b1 < b2 < · · · < bp , then a1 > a2 > · · · > ap .
Observe that if b1 < b2 < · · · < bp and a1 > a2 > · · · > ap are positive integers, then {(a1,b1) . . . ,
(ap,bp)} is a subset of incomparable elements of (N × N,).
Lemma 18. Let {h1, . . . ,hp} be a subset of incomparable elements of (H(〈n1,n2〉),H ) and suppose that
h1 ∼ (a1,b1), . . . , hp ∼ (ap,bp) with b1 < b2 < · · · < bp . Then the cardinality of the set H(〈n1,n2〉) ∩
({h1, . . . ,hp} + 〈n1,n2〉) is equal to a1b1 + a2(b2 − b1) + · · · + ap(bp − bp−1).
Proof. We proceed by induction on p. For p = 1, the result is an immediate consequence of Lem-
ma 16. Hence assume as induction hypothesis that the cardinality of H(〈n1,n2〉) ∩ ({h1, . . . ,hp−1} +
〈n1,n2〉) is equal to a1b1 + a2(b2 − b1) + · · · + ap−1(bp−1 − bp−2). By applying again Lemma 16, we
know that h ∈ H(〈n1,n2〉) ∩ (hp + 〈n1,n2〉) if and only if the coordinates of h belong to {1, . . . ,ap} ×
{1, . . . ,bp}. Then h /∈ {h1, . . . ,hp−1} + 〈n1,n2〉 if and only if the coordinates of h do not belong to
({1, . . . ,a1} × {1, . . . ,b1}) ∪ · · · ∪ ({1, . . . ,ap−1} × {1, . . . ,bp−1}). Note that, from Proposition 10, we
have that {(a1,b1), . . . , (ap,bp)} is a subset of incomparable elements of (B(n1,n2),). Besides, by
Lemma 17 we deduce that a1 > a2 > · · · > ap . Therefore h ∈ hp + 〈n1,n2〉 and h /∈ {h1, . . . ,hp−1} +
〈n1,n2〉 if and only if the coordinates of h belong to {1, . . . ,ap}×{bp−1 +1, . . . ,bp}. As the cardinality
of the previous set is equal to ap(bp − bp−1), we obtain the desired result. 
As a consequence of the previous lemma and Sylvester’s formula for the genus of a numerical
semigroup with embedding dimension two, we obtain the following result.
Theorem 19. Let {(a1,b1), . . . , (ap,bp)} be a subset of incomparable elements of (B(n1,n2),) such that
b1 < b2 < · · · < bp and let A = {0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉. Then g(A) = (n1−1)(n2−1)2 − (a1b1 +
a2(b2 − b1) + · · · + ap(bp − bp−1)).
Notice that in the above theorem it is not necessary that the set A is a numerical semigroup.
Example 20. It is clear that {(5,1), (4,3), (3,4), (2,6), (1,7)} is a subset of incomparable elements of
(B(9,11),). Let
A = {0, θ(5,1), θ(4,3), θ(3,4), θ(2,6), θ(1,7)}+ 〈9,11〉 = {0,13,15,28,30,43} + 〈9,11〉.
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g(A) = 8 · 10
2
− (5 · 1+ 4 · 2+ 3 · 1+ 2 · 2+ 1 · 1) = 19.
Moreover, the reader can check that {(5,1), (4,3), (3,4), (2,6), (1,7)} fulﬁlls conditions of Theo-
rem 15 and thus A is a numerical semigroup. This is equivalent to prove that {13,15,28,30,43} is a
subset of H(〈9,11〉) that fulﬁlls conditions of Corollary 6.
Our next goal in this section is to prove Theorem 24, which gives a formula for the Frobenius
number of the set A. Before that we need some previous results and concepts. Given X ⊆ N × N,
denote C(X) = {y ∈ N × N | y  x for some x ∈ X}.
Lemma 21. Let {(a1,b1), . . . , (ap,bp)} be a subset of incomparable elements of (B(n1,n2),) and let A =
{0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉. If A = N and {(x1, y1) . . . , (xt , yt)} is the set of minimal elements of
B(n1,n2)\C({(a1,b1), . . . , (ap,bp)}), then F(A) = max{θ(x1, y1) . . . , θ(xt , yt)}.
Proof. By applying Lemma 16, we deduce that h ∈ H(〈n1,n2〉)\A if and only if the coordinates of h
belong to B(n1,n2)\C({(a1,b1), . . . , (ap,bp)}). Since A = N , it easily follows that F(A) = max{θ(x, y) |
(x, y) ∈ B(n1,n2)\C({(a1,b1), . . . , (ap,bp)})}. To conclude the proof, observe that if (x, y) (a,b), then
θ(a,b)H θ(x, y). 
Notice that, in conditions of the above lemma, A = N if and only if {1,2, . . . ,min{n1,n2} − 1} is
not a subset of {θ(a1,b1), . . . , θ(ap,bp)}.
Lemma 22. Let X be a subset of incomparable elements of (B(n1,n2),) and let (x, y) ∈ N\{0} × N\{0}.
Then (x, y) is a minimal element of B(n1,n2)\C(X) if and only if (x, y) is a minimal element of (N\{0} ×
N\{0})\C(X) and n1n2 − xn1 − yn2  0.
Proof. If (x, y) is a minimal element of (N\{0} × N\{0})\C(X) and n1n2 − xn1 − yn2  0, then it is
clear that (x, y) is a minimal element of B(n1,n2)\C(X).
If (x, y) is a minimal element of B(n1,n2)\C(X), then n1n2 − xn1 − yn2  0 and (x, y) ∈
(N\{0} × N\{0})\C(X). If (x, y) is not a minimal of (N\{0} × N\{0})\C(X), then there exists (α,β) ∈
(N\{0} × N\{0})\C(X) such that (α,β) < (x, y). Hence n1n2 − αn1 − βn2 > n1n2 − xn1 − yn2  0, and
consequently (α,β) ∈ B(n1,n2)\C(X), contradicting the minimality of (x, y). 
Lemma 23. Let X = {(a1,b1), . . . , (ap,bp)} be a subset of incomparable elements of N\{0} × N\{0} such
that b1 < b2 < · · · < bp and a1 > a2 > · · · > ap. Let M = {(a1 + 1,1), (a2 + 1,b1 + 1), . . . , (ap + 1,bp−1 +
1), (1,bp + 1)}. Then M is the set of minimal elements of (N\{0} × N\{0})\C(X).
Proof. Let (x, y) be a minimal element of (N\{0}×N\{0})\C(X). If x = 1 then (x, y) = (1,bp +1), and
if y = 1 then (x, y) = (a1 + 1,1). Now, suppose that x 2 and y  2. By the minimality of (x, y) we
deduce that (x−1, y) (ai,bi) and (x, y−1) (a j,b j) for some i, j ∈ {1, . . . , p}. Since (x, y)  (ai,bi)
and (x, y)  (a j,b j), we have that x = ai + 1 and y = b j + 1. Therefore (x, y) = (ai + 1,b j + 1).
Note that (ai +1,b j +1) ∈ C(X) if and only if there exists k ∈ {1, . . . , p} such that (ai +1,b j +1)
(ak,bk). Moreover, (ai + 1,b j + 1)  (ak,bk) if and only if ai + 1  ak and b j + 1  bk , and this is
equivalent to j < k < i. Consequently (ai + 1,b j + 1) /∈ C(X) if and only if j = i − 1.
In order to conclude the proof, it suﬃces to prove that M is a set of incomparable elements. But
this is clear because a1 + 1 > a2 + 1 > · · · > ap + 1 > 1 and 1 < b1 + 1 < b2 + 1 < · · · < bp + 1. 
Gathering what we have seen so far, we get the result announced previously.
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b1 < b2 < · · · < bp and a1 > a2 > · · · > ap . Let A = {0, θ(a1,b1), . . . , θ(ap,bp)} + 〈n1,n2〉 and M = {(a1 +
1,1), (a2 + 1,b1 + 1), . . . , (ap + 1,bp−1 + 1), (1,bp + 1)}. If A = N then F(A) = max{n1n2 − xn1 − yn2 |
(x, y) ∈ M}.
Proof. By using Lemmas 21, 22 and 23, we obtain that F(A) = max{n1n2 − xn1 − yn2 | (x, y) ∈ M
and n1n2 − xn1 − yn2  0}. It is clear that this integer coincides with the max{n1n2 − xn1 − yn2 |
(x, y) ∈ M}. 
Notice also that in the above theorem it is not necessary that the set A is a numerical semigroup.
We conclude this section by giving an application of the previous theorem.
Example 25. As in Example 20, we have that {(5,1), (4,3), (3,4), (2,6), (1,7)} is a subset of incom-
parable elements of (B(9,11),). Let
A = {0, θ(5,1), θ(4,3), θ(3,4), θ(2,6), θ(1,7)}+ 〈9,11〉 = {0,13,15,28,30,43} + 〈9,11〉.
Clearly, M = {(6,1), (5,2), (4,4), (3,5), (2,7), (1,8)} and therefore
F(A) = max{99− 54− 11,99− 45− 22,99− 36− 44,99− 27− 55,99− 18− 77,99− 9− 88}
= max{34,32,19,17,4,2} = 34.
5. Numerical semigroups with embedding dimension three
If S is a numerical semigroup with minimal system of generators {m1,m2,m3} and d =
gcd{m1,m2}, then as a consequence of [2] and [5], we obtain that F(S) = dF(〈m1d , m2d ,m3〉)+ (d−1)m3
and g(S) = dg(〈m1d , m2d ,m3〉) + 12 (d − 1)(m3 − 1). Therefore, to solve the Frobenius problem with
embedding dimension three, we can focus our study on numerical semigroups such that its three
minimal generators are pairwise relatively prime.
Along this section we shall suppose that S is a numerical semigroup with minimal system of
generators {n1,n2,n3} and 1 = gcd{n1,n2}. Denote c3 = min{k ∈ N\{0} | kn3 ∈ 〈n1,n2〉}.
The following result is easy to prove.
Lemma 26.With the above notation, we have that Ap(S,n1) ∩ Ap(S,n2) = {kn3 | k ∈ {0,1, . . . , c3 − 1}}.
As an immediate consequence of Proposition 1 and Lemmas 3 and 26 we have the following.
Lemma 27.With the above notation, we have that:
(1) S = {0,n3, . . . , (c3 − 1)n3} + 〈n1,n2〉;
(2) {n3, . . . , (c3 − 1)n3} is the set of minimal elements of H(〈n1,n2〉) ∩ S (with respect to H );
(3) {n3, . . . , (c3 − 1)n3} is a subset of incomparable elements of (H(〈n1,n2〉),H ).
In view of Remark 14, we have that if n3 ∼ (a,b), then we can compute c3 and the coordinates of
the elements of {n3, . . . , (c3 − 1)n3} recurrently as follows.
Remark 28. Under the standing hypothesis, if kn3 ∼ (a′,b′), then:
(1) if a + a′ > n2 and b + b′ < n1, then (k + 1)n3 ∼ (a + a′ − n2,b + b′);
(2) if a + a′ < n2 and b + b′ > n1, then (k + 1)n3 ∼ (a + a′,b + b′ − n1);
(3) in other case k + 1 = c3.
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the Frobenius number and genus of a numerical semigroup with embedding dimension three. We
give an example that illustrates this procedure.
Example 29. We compute the genus and the Frobenius number of a numerical semigroup S =
〈7,9,11〉. Assume that n1 = 7, n2 = 9 and n3 = 11. It is clear that 11 ∼ (1,5). By using Remark 28,
we have that 2 · 11 ∼ (2,3), 3 · 11 ∼ (3,1) and 4 · 11 ∈ 〈7,9〉. Therefore c3 = 4. From Lemma 27, we
deduce that
S = {0, θ(3,1), θ(2,3), θ(1,5)}+ 〈7,9〉.
Then by Theorem 19, we have that
g(S) = 6 · 8
2
− (3 · 1+ 2 · 2+ 1 · 2) = 24− 9 = 15.
Now, by applying Theorem 24 we get M = {(4,1), (3,2), (2,4), (1,6)} and thus
F(S) = max{63− 28− 9,63− 21− 18,63− 14− 36,63− 7− 54}
= max{26,24,13,2} = 26.
Observe that the above procedure is good, if we know the coordinates of n3. Anyway, the coordi-
nates of n3 can be computed as follows.
Lemma 30. Let u be the smallest positive solution to the equation n2x ≡ −n3 mod n1 and let v = n1n2−n3−n2un1 .
Then n3 ∼ (v,u).
Proof. Since n2u +n3 ≡ 0 mod n1, we have that n1n2 −n3 −n2u ≡ 0 mod n1, and consequently v ∈ Z
and n3 = n1n2 − n1v − n2u. Let us show that n3 ∼ (v,u). Assume that n3 ∼ (a,b). Then n1n2 − an1 −
bn2 = n3 = n1n2 −n1v −n2u and therefore (v −a)n1 = (b− u)n2. By applying that gcd{n1,n2} = 1 and
b,u ∈ {1, . . . ,n1 − 1}, we deduce that b = u and thus a = v . 
Example 31. We compute the genus and the Frobenius number of a numerical semigroup S =
〈77,81,103〉. Choose n1 = 77, n2 = 81 and n3 = 103.
Let us compute the coordinates of 103. To this end we use Lemma 30. The equation 81x ≡
−103 mod 77 is equivalent to 4x ≡ 51 mod 77. By applying the extended Euclid’s algorithm (see for
example [3]), we get s, t ∈ Z such that 1 = 77s + 4t . Consequently, we have that 1 = 77 · 1+ 4 · (−19)
and thus (−19) mod 77 = 58 is the inverse of 4 in Z77. Hence (51 · 58) mod 77 = 32 is the small-
est positive solution to the equation 4x ≡ 51 mod 77. We conclude that u = 32, v = 46 and so
103 ∼ (46,32).
Now recurrently using the above procedure, let us compute c3 and the coordinates of {2n3, . . . ,
(c3 −1)n3}. We obtain that 2n3 ∼ (11,64), 3n3 ∼ (57,19), 4n3 ∼ (22,51), 5n3 ∼ (68,6), 6n3 ∼ (33,38)
and c3 = 7.
From Lemma 27, we deduce that
S = {0, θ(68,6), θ(57,19), θ(46,32), θ(33,38), θ(22,51), θ(11,64)}+ 〈77,81〉.
By using Theorem 19, we get that
g(S) = 76 · 80 − (68 · 6+ 57 · 13+ 46 · 13+ 33 · 6+ 22 · 13+ 11 · 13) = 3040− 2374 = 666.
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M = {(69,1), (58,7), (47,20), (34,33), (23,39), (12,52), (1,65)}
and so
F(S) = max{6237− 5313− 81,6237− 4466− 567,6237− 3619− 1620,6237− 2618− 2673,
6237− 1771− 3159,6237− 924− 4212,6237− 77− 5265}
= max{843,1204,998,946,1307,1101,895} = 1307.
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